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2.0 kilograms payload capacity and can execute 4 cycles per second. The Adept Quattro robot is considered at this moment the industry's fastest pick-and-place robot. Defective parallel manipulators can be classified in two main groups: Purely translational (Romdhane et al, 2002; Parenti-Castelli et al, 2000; Carricato & Parenti-Castelli, 2003; Di Gregorio & Parenti-Castelli, 2002; Ji & Wu, 2003; Kong & Gosselin, 2004a; Kong & Gosselin, 2002) or purely spherical (Alizade et al, 1994; Gosselin & Angeles, 1989; Kong & Gosselin, 2004b; Liu & Gao 2000) . A third class is composed by parallel manipulators in which the moving platform can undergo mixed motions (Parenti-Castelli & Innocenti, 1992; Gallardo-Alvarado et al, 2006; Gallardo-Alvarado et al, 2007) . The 3-RPS, Revolute + Prismatic +Spherical, parallel manipulator belongs to the last class and is perhaps the most studied type of defective parallel manipulator. The 3-RPS parallel manipulator was introduced by Hunt (1983) and has been the motive of an exhaustive research field where a great number of contributions, approaching a wide range of topics, kinematic and dynamic analyses, synthesis, singularity analysis, extensions to hyper-redundant manipulators, etc; have been reported in the literature, see for instance Lee & Shah (1987) , Kim & Tsai (2003) , Liu & Cheng (2004) , Lu & Leinonen (2005) . In particular, screw theory has been proved to be an efficient mathematical resource for determining the kinematic characteristics of 3-RPS parallel manipulators, see for instance Fang & Huang (1997) , Huang and his co-workers (1996 Huang and his co-workers ( , 2000 Huang and his co-workers ( , 2001 Huang and his co-workers ( , 2002 ; including the instantaneous motion analysis of the mechanism at the level of velocity analysis (Agrawal, 1991) . This paper addresses the kinematics of 3-RPS parallel manipulators, including position, velocity and acceleration analyses. Firstly the forward position analysis is carried out in analytic form solution using the Sylvester dialytic elimination method. Secondly the velocity and acceleration analyses are approached by means of the theory of screws. To this end, the velocity and reduced acceleration states of the moving platform, with respect to the fixed platform, are written in screw form through each one of the limbs of the mechanism. Finally, the systematic application of the Klein form to these expressions allows obtaining simple and compact expressions for computing the velocity and acceleration analyses. A case study is included.
Description of the mechanism
A 3-RPS parallel manipulator, see Fig. 1 , is a mechanism where the moving platform is connected to the fixed platform by means of three extendible limbs. Each limb is composed by a lower body and an upper body connected each other by means of an active prismatic joint. The moving platform is connected at the upper bodies via three distinct spherical joints while the lower bodies are connected to the fixed platform by means of three distinct revolute joints. An effective general formula for determining the degrees of freedom of closed chains still in our days is an open problem. An exhaustive review of formulae addressing this topic is reported in Gogu (2005) . Regarding to the existing methods of computation, these formulae are valid under specific conducted considerations. For the parallel manipulator at hand, the mobility is determined using the well-known Kutzbach-Grübler formula
Fig. 1. The 3-RPS parallel manipulator and its geometric scheme.
Where n is the number of links, j is the number of kinematic pairs and i f is the number of freedoms of the i-th pair. Thus, taking into account that for the mechanism at hand n=8, j=9
; then the degrees of freedom of it are equal to 3, an expected result.
Position analysis
In this section the forward finite kinematics of the 3-RPS parallel manipulator is approached using analytic procedures. The inverse position analysis is considered here a trivial task and therefore it is omitted. The geometric scheme of the spatial mechanism is shown in the right side of Fig. 1 . Accordingly with this figure; i B , i q and i P denotes, respectively, the nominal position of the revolute joint, the length of the limb and the center of the spherical joint in the same limb. While i u denotes the direction of the axis associated to the revolute joint. On the other hand mn a represents the distance between the centers of two spherical joints.
In this work, the forward position analysis of the 3-RPS parallel manipulator consists of finding the pose, position and orientation, of the moving platform with respect to the fixed platform given the three limb lengths or generalized coordinates i q of the parallel manipulator. To this end, it is necessary to compute the coordinates of the three spherical joints expressed in the reference frame XYZ. When the limbs of the parallel manipulator are locked, the mechanism becomes a 3-RS structure. In order to simplify the analysis, the reference frame XYZ, attached at the fixed platform, is chosen in such a way that the points i B lie on the XZ plane. Under this consideration the axes of the revolute joints are coplanar and three constraints are imposed by these joints as follows
where the dot denotes the usual inner product operation of the three dimensional vectorial algebra. It is worth to mention that expressions (2) were not considered, in the form derived, by Tsai (1999) , and therefore the analysis reported in that contribution requires a particular arrangement of the positions of the revolute joints over the fixed platform accordingly to the reference frame XYZ. Furthermore, clearly expressions (2) are applicable not only to tangential 3-RPS parallel manipulators, like the mechanism of Fig. 1 , but also to the so-called concurrent 3-RPS parallel manipulators. On the other hand, clearly the limb lengths are restricted to
Finally, three compatibility constraints can be obtained as follows
. In what follows, expressions (2-4) are reduced systematically into a highly non linear system of three equations in three unknowns. Afterwards, a sixteenth-order polynomial in one unknown is derived using the Sylvester dialytic elimination method. It follows from Eqs. (2) that
On the other hand with the substitution of (5) into expressions (3), the reduction of terms leads to
where i p are second-degree polynomials in i Z . Finally, the substitution of Eqs. (6) into Eqs.
(4) results in the following highly non-linear system of three equations in the three 8  2  7  1  6  2  1  5  2  2  1  4  2  2  1  3  2  2  2  2  1  1   8  3  7  1  6  3  1  5  2  3  1  4  3  2  1  3  2  3  2  2  1  1   8  3  7  2  6  3  2  5  2  3  2  4  3  2  2  3  2  3  2 therein c, d and e are coefficients that are calculated accordingly to the parameters and generalized coordinates, namely the length limbs of the parallel manipulator. Expressions (7) are similar to those introduced in Tsai (1999) ; however their derivation is simpler due to the inclusion, in this contribution, of Eqs. (2). Please note that only two of the unknowns are present in each one of Eqs. (7) and therefore their solutions appear to be an easy task. For example, 2 Z and 3 Z can be obtained as functions of 1 Z from the last two quadratic equations; afterwards the substitution of these variables into the first quadratic yields a highly non-linear equation in 1 Z . The handling of such an expression is a formidable an unpractical task. Thus, an appropriated strategy is required for solving the system of equations at hand. Some options are • A numerical technique such as the Newton-Raphson method. It is an effective option, however only one and imperfect solution can be computed, and there are not guarantee that all the solutions will be calculated.
•
Using computer algebra like Maple©. An absolutely viable option that guarantee the computation of all the possible solutions.
The application of the Sylvester dialytic elimination method. An elegant option that allows to compute all the possible solutions. In this contribution the last option was selected and in what follows the results will be presented.
With the purpose to eliminate 3 Z , the first two quadratics of (7) are rewritten as follows 
where
It is evident that expression (9) 
where 12 p , 13 pa n d 14 p are second-degree polynomials in 1 Z . It is very tempting to assume that the non-linear system of two equations formed by (10) and (11) can be easily solved obtaining first 2 Z in terms of 1 Z from Eq. (11) and later substituting it into Eq. (10). However, when one realize this apparent evident action with the aid of computer algebra, an excessively long expression is derived, and its handling is a hazardous task. Thus, the application of the Sylvester dialytic elimination method is a more viable option. In order to avoid extraneous roots, it is strongly advisable the deduction of a minimum of linear equations. For example, the term 4 2 Z is eliminated multiplying Eq. (10) 
Expressions (11) and (12) 
Casting in matrix form expressions (11)- (14) it follows that
www.intechopen.com It is worth to mention that expressions (10) and (11) have the same structure of those derived by Innocenti & Parenti-Castelli (1990) for solving the forward position analysis of the Stewart platform mechanism. However, this work differs from that contribution in that, while in this contribution the application of the Sylvester Dialytic elimination method finishes with the computation of the determinant of a 4x4 matrix, the contribution of Innocenti & Parenti-Castelli (1990) , a more general method than the presented in this section, finishes with the computation of the determinant of a 6x6 matrix.
Once 1 Z is calculated, 2 Z and 3 Z are calculated, respectively, from expressions (11) and the second quadratic of (8) 
where,
is the geometric center of the moving platform, and R is the rotation matrix.
Velocity analysis
In this section the velocity analysis of the 3-RPS parallel manipulator is carried out using the theory of screws which is isomorphic to the Lie algebra e(3). This section applies well known screw theory; for readers unfamiliar with this mathematical resource, some appropriated references are provided at the end of this work (Sugimoto, 1987; Rico and Duffy, 1996; Rico et al, 1999 ).
The mechanism under study is a spatial mechanism, and therefore the kinematic analysis requires a six-dimensional Lie algebra. In order to satisfy the dimension of the subspace spanned by the screw system generated in each limb, the 3-RPS parallel manipulator can be modelled as a 3-R*RPS parallel manipulator, see Huang and Wang (2000) , in which the revolute joints R* are fictitious kinematic pairs. In this contribution, see Fig. 2 , each limb is modelled as a Cylindrical + Prismatic + Spherical kinematic chain, CPS for brevity. It is straightforward to demonstrate that this option is simpler than the proposed in Huang and Wang (2000) . Naturally, this model requires that the joint rate associated to the translational displacement of the cylindrical joint be equal to zero. 
, also known as the twist about a screw, of the moving platform with respect to the fixed platform, can be written, see Sugimoto (1987) , through the j-th limb as follows
where, the joint rate j j 3 2 q ω = is the active joint associated to the prismatic joint in the j-th limb, while 0 = j 1 0 ω is the joint rate of the prismatic joint associated to the cylindrical joint.
With these considerations in mind, the inverse and forward velocity analyses of the mechanism under study are easily solved using the theory of screws. The inverse velocity analysis consists of finding the joint rate velocities of the parallel manipulator, given the velocity state of the moving platform with respect to the fixed platform. Accordingly to expression (17), this analysis is solved by means of the expression 
Following this trend, choosing the screw 6 5 $ i as the cancellator screw it follows that
Casting in a matrix-vector form expression (20) and (21), the velocity state of the moving platform is calculated from the expression
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Finally, once the angular velocity of the moving platform and the translational velocity of the point O are obtained, respectively, as the primal part and the dual part of the velocity
, the translational velocity of the center of the moving platform, vector C v , is calculated using classical kinematics. Indeed
Naturally, in order to apply Eq. (22) it is imperative that the Jacobian J be invertible. Otherwise, the parallel manipulator is at a singular configuration, with regards to Eq. (18).
Acceleration analysis
Following the trend of Section 3, in this section the acceleration analysis of the parallel manipulator is carried out by means of the theory of screws. 
, or accelerator for brevity, of the moving platform with respect to the fixed platform can be written, for details see Rico & Duffy (1996) , through each one of the limbs as follows Equation (24) is the basis of the inverse and forward acceleration analyses. The inverse acceleration analysis, or in other words the computation of the joint acceleration rates of the parallel manipulator given the accelerator of the moving platform with respect to the fixed platform, can be calculated, accordingly to expression (24), as follows On the other hand, the forward acceleration analysis, or in other words the computation of the accelerator of the moving platform with respect to the fixed platform given the active joint rate accelerations j q of the parallel manipulator; is carried out, applying the Klein form of the reciprocal screws to Eq. (24), using the expression
where 
Finally, it is interesting to mention that Eq. (26) does not require the values of the passive joint acceleration rates of the parallel manipulator.
Case study. Numerical example
In order to exemplify the proposed methodology of kinematic analysis, in this section a numerical example, using SI units, is solved with the aid of computer codes. The parameters and generalized coordinates of the example are provided in (5) and (6), yields the 16 solutions of the forward position analysis, which are listed in Table 2 . Taking solution 3 of Table 2 as the initial configuration of the parallel manipulator, the most representative numerical results obtained for the forward velocity and acceleration analyses are shown in Fig. 3 
Conclusions
In this work the kinematics, including the acceleration analysis, of 3-RPS parallel manipulators has been successfully approached by means of screw theory. Firstly, the forward position analysis was carried out using recursively the Sylvester dialytic elimination method, such a procedure yields a 16-th polynomial expression in one unknown, and therefore all the possible solutions of this initial analysis are systematically calculated. Afterwards, the velocity and acceleration analyses are addressed using screw theory. To this end, the velocity and reduced acceleration states of the moving platform, with respect to the fixed platform are written in screw form through each one of the three limbs of the manipulator. Simple and compact expressions were derived in this contribution for solving the forward kinematics of the spatial mechanism by taking advantage of the concept of reciprocal screws via the Klein form of the Lie algebra e (3). The obtained expressions are simple, compact and can be easily translated into computer codes. Finally, in order to exemplify the versatility of the chosen methodology, a case study was included in this work.
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